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Abstract. Given positive integers k and £ where 4 divides k and fc/2 < £ < k — 1, 
we give a minimum ^-degree condition that ensures a perfect matching in a fc-uniform 
hypergraph. This condition is best possible and improves on work of Pikhurko who gave 
an asymptotically exact result. Our approach makes use of the absorbing method, as well 
as the hypergraph removal lemma and a structural result of Keevash and Sudakov relating 
to the Turan number of the expanded triangle. 



1. Introduction 

A perfect matching in a hypergraph H is a cohection of vertex-disjoint edges of H which 
cover the vertex set V{H) of H. It is unlikely that there exists a characterisation of all 
those /c-uniform hypergraphs that contain a perfect matching for k > 3. Indeed, Garey and 
Johnson [6] showed that the decision problem whether a /c-uniform hypergraph contains 
a perfect matching is NP-complete for k > 3. (In contrast, a theorem of Tutte [24] gives 
a characterisation of all those graphs which contain a perfect matching.) It is natural 
therefore to seek simple sufficient conditions that ensure a perfect matching in a /c-uniform 
hypergraph. 

Given a A;-uniform hypergraph H with an ^-element vertex set S (where < ^ < A; — 1) 
we define dniS) to be the number of edges containing S. The minimum i-degree 5e{H) 
of H is the minimum of dniS) over all ^-element sets of vertices in H. Clearly 5q{H) is 
the number of edges in H. We also refer to Si{H) as the minimum vertex degree of H and 
5k-i{H) the minimum codegree of H. 

One of the earliest results on perfect matchings was given by Daykin and Haggkvist 
[4], who showed that a A;-uniform hypergraph H on n vertices contains a perfect matching 
provided that 6i{H) > {1 — 1/ k) (^Zi) • Recently there has been much interest in establishing 
minimum ^-degree thresholds that force a perfect matching in a /c-uniform hypergraph. 
See [19] for a survey on matchings (and Hamilton cycles) in hypergraphs. In particular, 
Rodl, Rucihski and Szemeredi [22] determined the minimum codegree threshold that ensures 
a perfect matching in a fc-uniform hypergraph for all A; > 3. The threshold is n/2 — A; + C, 
where C G {3/2,2,5/2,3} depends on the values of n and k. This improved bounds given 
in [13, 21]. A A;-partite version was proved by Aharoni, Georgakopoulos and Spriissel [1]. 

Kiihn, Osthus and Treglown [14] and independently Khan [11] determined the precise 
minimum vertex degree threshold that forces a perfect matching in a 3-uniform hyper- 
graph. (This improved on an "asymptotically exact" result of Han, Person and Schacht [8].) 
Recently a 3-partite version was proved by Lo and Markstrom [15]. Khan [12] has also de- 
termined the exact minimum vertex degree threshold for 4-uniform hypergraphs. (Lo and 
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Markstrom [16] have a proof of an approximate version of this resuh.) For A; > 5, the 
precise minimum vertex degree threshold which ensures a perfect matching in a fc-uniform 
hypcrgraph is not known. 

The situation for ^-degrees where 1<£<A;— lis also still open. Han, Person and 
Schacht [8] provided conditions on 5i{H) that ensure a perfect matching in the case when 
1 < i < k/2. These bounds were subsequently lowered by Markstrom and Rucihski [17]. 
Recently, Alon et al. [2] gave a connection between the minimum ^-degree that forces a 
perfect matching in a /c-uniform hypergraph and the minimum ^-degree that forces a per- 
fect fractional matching. As a consequence of this result they determined, asymptotically, 
the minimum ^-degree which forces a perfect matching in a fe-uniform hypergraph for the 
following values of {k,i): (4,1), (5,1), (5,2), (6,2), and (7,3). 

Pikhurko [18] showed that ii i > k/2 and if is a fc-uniform hypergraph whose order n 
is divisible by k then H has a perfect matching provided that 6i{H) > (1/2 + o(l))(^"^). 
This result is best possible up to the o(l)-term (see the constructions in Hextin, k) below). 

In this paper we strengthen Pikhurko's result for A;-uniform hypergraphs when 4 divides 
k. In order to state our results, we need more definitions. Fix a set V oin vertices. Given a 
partition V into non-empty sets A, B, let £'odd(^) B) (£'even(^, B)) denote the family of all 
fc-element subsets of V that intersect A in an odd (even) number of vertices. (Notice that 
the ordering of the vertex classes A, B is important.) Define !3n,k{A, B) to be the /c-uniform 
hypergraph with vertex set V = AuB and edge set E^^^^A^B). Note that the complement 
Bn,k{A,B) of Bn,k{A,B) has edge set Eeven{A,B). 

Suppose n,k eN such that k divides n and A; > 2. Define Hext{iT', k) to be the collection 
of the following hypergraphs. First, T-Lcxtin^k) contains all hypergraphs Bn,kiA, B) where 
\A\ is odd. Second, if n/k is odd then Tiextin,k) also contains all hypergraphs Bn,k{A,B) 
where |^| is even; if n/k is even then Hextinyk) also contains all hypergraphs Bn,k{A,B) 
where \A\ is odd. 

It is easy to see that no hypergraph in T-Lcxt{n,k) contains a perfect matching. Indeed, 
first assume that jylj is even and n/k is odd. Since every edge of Bn^ki^^B) intersects A 
in an odd number of vertices, one cannot cover A with an odd number of disjoint odd sets. 
Similarly Bn,k{A,B) does not contain a perfect matching if \A\ is odd and n/k is even. 
Finally, if |^| is odd then since every edge of Bn,kiA, B) intersects A in an even number of 
vertices, B^^ki^^B) does not contain a perfect matching. 

Given £ e N such that k/2 < £ < k — 1 define 6{n,k,i) to be the maximum of the 
minimum ^-degrees among all the hypergraphs in l-Lextin, k). For example, it is not hard to 
see that 



The following is our main result. 

Theorem 1.1. Suppose r, £ G N such that 2r < £ < Ar — 1. Then there exists an uq E N 
such that the following holds. Suppose H is a Ar-uniform hypergraph on n > no vertices 
where 4r divides n. If 



(1) 



S{n,k,k - 1) = < 



' n/2-k + 2 
n/2-k + 3/2 

n/2-k + l/2 
n/2-k + l 



if k/2 is even and n/k is odd 
if k is odd and (n — l)/2 is odd 
if k is odd and (n — l)/2 is even 
otherwise. 



de{H) > 6{n,4r,£) 



then H contains a perfect matching. 
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As explained before, the minimum ^-degree condition in Theorem 1.1 is best possible. 
When k is divisible by 4, Theorem 1.1 and (1) together give the aforementioned result of 
Rodl, Rucinski and Szemeredi [22]. 

In general, the precise value of S{n, k, i) is unknown because it is not known what value 
of \A\ maximizes the minimum ^-degree of Bn^ki^i B) (or Bn,ki^, B)). Clearly one needs 
to know the degree of every £-tuple of vertices from Bn,k{^jB) to establish the minimum 
^-degree of Bn^k{A,B). Further, if one knows this then one can compute the total number 
of edges in Bn,k{A-,B). However, for even k, it is shown in [10, Section 3.1] that finding the 
value of 1^1 that maximizes the number of edges in Bn,ki-^jB) is equivalent to finding the 
minima of binary Krawtchouk polynomials, which is an open problem. Thus, this would 
suggest that calculating S{n, k,£) is likely a challenging task. 

In the appendix we give a tight upper bound on 5(n,4, 2), which together with Theo- 
rem 1.1 gives the minimum 2-degree threshold that forces a perfect matching in a 4- uniform 
hypergraph. This result was recently independently proven by Czygrinow and Kamat [3] . 

Theorem 1.2. There exists an no G N such that the following holds. Suppose that H is a 
A-uniform hypergraph on n> no vertices where n is divisible by 4. // 

c- ^TT^ ™^ 5n ^/rl^^ 3 

'^^(^)>T-T ^ + 2 

then H contains a perfect matching. Furthermore, this minimum degree condition is best 
possible. 

Note that Theorem 1.2, together with the results of Rodl, Rucinski and Szemeredi [22] 
and Khan [12], characterize the minimum ^-degree threshold that forces a perfect matching 
in a 4-uniform hypergraph for all 1 < ^ < 3. 

The overall strategy for the proof of Theorem 1.1 is similar to that of Rodl, Rucinski and 
Szemeredi in [22], which in turn is typical for proving sharp results. Indeed, we split the 
argument into 'extremal' and 'non-extremal' cases, and use the absorbing method developed 
by Rodl, Rucinski and Szemeredi [20] in the non-extremal case. However, our non-extremal 
case is somewhat different from [22]. We concentrate on the i = 2r case and study the 
structure of an auxiliary graph G{H), whose vertices are all 2r-subsets of V{H), and two 
2r-sets U, W are joined by an edge if and only if U UW G E[H). Furthermore, we use 
the hypergraph removal lemma (see e.g. [7, 23]) and a structural result of Keevash and 
Sudakov [10]. 

In fact, the proof of Theorem 1.1 is such that most of the argument extends to a more 
general setting. For example, we deal with the extremal case for fc-uniform hypergraphs 
for all integers k > 2. Several parts of the non-extremal case also generalize to 2r-uniform 
hypergraphs (where r G N). Thus, it seems likely that our methods may be useful in making 
Pikhurko's result exact for A;-uniform hypergraphs for all k > 2. 

Conjecture 1.3. Suppose k,£ ^ N such that k/2 < i < k — 1. Then there exists an no G N 
such that the following holds. Suppose H is a k-uniform hypergraph on n > uq vertices 
where k divides n. If 

de{H) > 6{n,k,£) 

then H contains a perfect matching. 



4 



ANDREW TREGLOWN AND YI ZHAO 



2. Notation and preliminaries 

2.1. Definitions and notation. Given a set X and an integer r > 2, we write (^) for the 
set of all r-element subsets (r-subsets, for short) of X. Let k,i ^ N. Suppose H = {V,E) 
is a fc-uniform hypergraph. Let {vi, . . . ,vi} be an ^-subset of V{H). Often we will use the 
notation v, for example, to abbreviate {vi . . . vi}. When it is clear from the context we may 
also write v\ ...Vi (i.e. we drop the brackets). Given v G {^^f^), we write Nh{v) or N{v) 
to denote the neighborhood of v, that is, the family of those {k — ^)-subsets of V(H) which, 
together with v, form an edge in H. Then \Nh(v)\ = dniy). When considering ^-degree 
together with ^'-degree for some I' ^ I, the following proposition is very useful (the proof 
is a standard counting argument, which we omit). 

Proposition 2.1. Let < i < £' < k and H be a k-uniform hypergraph. IfS£i{H) > 
for some < x < 1, then 6({H) > ic(^Z^) ■ 

We denote the complement of H by H. That is, H := {V{H), {^f^) \ E{H)). Given 

a set A C V{H), H[A\ denotes the fc-uniform subhypergraph of H induced by A, namely, 
H[A] := iA,E{H) n (^)). We define H\A:= H[ViH) \ A]. Given B C E{H), we define 
H[B] ■.= {V{H),B). 

Let e > 0. Suppose that H and H' are /c-uniform hypegraphs on n vertices. We say 

that H is e-close to H', and write H = H' i: en^, if H becomes a copy of H' after adding 
and deleting at most en*^ edges. More precisely, let AAB := {A \ B) U {B \ A) denote the 
symmetric difference of two sets A and B. Then H is £-close to H' if there is an isomorphic 
copy H oiH such that V{H) = V{H') and \E{H)AE{H')\ < en''. 

Given a graph G, x £ V{G) and Y C V{G), we denote by ddx, Y) the number of vertices 
y & Y such that xy G E(G). A bipartite graph is called balanced if its vertex classes have 
equal size. 

We will often write < oi <C a2 <C as to mean that we can choose the constants ai, 02, 03 
from right to left. More precisely, there are increasing functions / and g such that, given 03, 
whenever we choose some 02 < f{a^) and ai < 5(02), all calculations needed in our proof 
are valid. Hierarchies with more constants are defined in the obvious way. Throughout the 
paper we omit fioors and ceilings whenever this does not affect the argument. 

2.2. The extremal graphs Bn,k and Bn,k{t). Given a /c-uniform hypergraph H and a 
partition A,B of V{H), an edge e of H is called an A^'B'^^^ edge if |e n A| = r and 
|e n i?| = k — r. An A'B''^^' edge is called an {A, B)-even edge if r is even; otherwise we 
call such an edge {A,B)-odd. We refer to such edges as even and odd respectively when it 
is clear from the context what our partition of V{H) is. Two edges of H have the same 
parity if both are even or both are odd. As defined earlier, Eoddi^: B) [E^YeniA, B)) is the 
family of all (^4, B)-odd (-even) edges. 

Suppose that n G N such that n>k>2. Let A, S be a partition of a set of n vertices. 
Recall that Bn,k{^7 B) is the /c-uniform hypergraph with vertex set Au B and edge set 
Eodd{A, B), and its complement Bn^ki^^B) has edge set Ecvcn{A,B). When \A\ = [n/2\ 
and \B\ = \n/2], we simply denote Bn,k{A,B) by Bn,k, and Bn^ki^^B) by Bn,k- When 
\A\ = [n/2\ + 1 and \B\ = \n/2] — t for some integer t such that — [n/2j < t < \n/2], we 
may denote Bn^k{A,B) by Bn,k{t). We refer to A and B as the vertex classes of Bn^k and 
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2.3. Absorbing sets. Following the ideas of Rodl, Rueiriski and Szemeredi [20, 22], we 
define absorbing sets as follows: Given a A;-uniform liypergraph H, a set 5 C V{H) is called 
an absorbing set for Q C V{H), if both H[S] and H[S U Q] contain perfect matchings. In 
this case, if the matching covering S is M, we also say AI absorbs Q. 

When constructing our absorbing sets in Section 5 wc will use the following Chernoff 
bound for binomial distributions (see e.g. [9, Corollary 2.3]). Recall that the binomial 
random variable with parameters {n,p) is the sum of n independent Bernoulli variables, 
each taking value 1 with probability p or with probability 1 — p. 

Proposition 2.2. Suppose X has binomial distribution and < a < 3/2. Then ¥{\X — 



2.4. Two structural results for hypergraphs. In Section 5.3 we will show that if our 

hypergraph H docs not contain a certain type of absorbing set then H is in the extremal case. 
To deduce this, we will obtain structural information about two auxiliary (hyper)graphs. 
This will in turn provide structural information about H. The following two powerful results 
will be required for this. 

Theorem 2.3 (Hypergraph Removal Lemma [7, 23]). Let 7 > and k,t e N such that 

2 < k < t. Given any k-uniform hypergraph F on t vertices, there exists a = cx{F.^j) > 
and no = no(-F, 7) G N such that the following holds. Suppose H is a k-uniform hypegraph 
on n > no vertices such that H contains at most an^ copies of F. Then H can be made 
F-free by deleting at most ^n^ edges. 

Given r G N, let Cf'' denote the expanded 2r-uniform triangle. That is, Cf'' consists of 
three disjoint sets , P2 > -P3 of vertices of size r, and the edges Pi U ^2 U P3, P3 U Pi. 
Keevash and Sudakov [10] used the following theorem to prove a conjecture of Frankl [5] 
concerning the Turan number of C|^. 

Theorem 2.4 ([10]). For every 7 > and r G N, there exists (3 = /3(7,r) > such that if 
H is a C^'^-free 2r -uniform hypergraph on n vertices with 



Most of the paper is devoted to the proof of the following two results: we will prove 
Theorem 3.1 in Section 5 and Theorem 3.2 in Section 4. 

Theorem 3.1. Let e > and r, £ G N such that 2r < i < 4r — 1. Then there exist a, ^ > 
and no G N such that the following holds. Suppose that H is a 4r -uniform hypergraph on 
n> no vertices where 4r divides n. If 



then H is e-close to Bn,ir or Bn,4r7 or H contains a matching M of size \M\ < ^n/{Ar) that 
absorbs any set W C V{H) \ v\m) such that \W\ G 4rN with \W\ < ^^n. 



EX\ > aKX) < 2e-^ 




then H = Bn,2r =t in ■ 



3. Proof of Theorem 1.1 
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Notice that the minimum i'-dcgrce condition in Theorem 3.1 is weaker than that in 
Theorem 1.1. Theorem 3.1 says that either H contains a reasonably smah absorbing set 
which can absorb any small set of vertices or H is 'close' to Bn,Ar or ^n,4r- The next result 
shows that in the latter, 'extremal case', H contains a perfect matching. 

Theorem 3.2. Given \ < I < k — \, there exist £ > and no G N such that the following 

holds. Suppose that H is a k-uniform hypergraph on n > uq vertices such that n is divisible 
by k. If 5i{H) > S{n,k,£) and H is e-close to Bn,k or Bn,k, then H contains a perfect 
matching. 

The following result of Markstrom and Rucihski [17] is needed in the 'non-extremal' case. 

Theorem 3.3 (Lemma 2 in [17]). For each integer k > 3, every 1 < £ < k — 2 and every 
7 > there exists an no € N such that the following holds. Suppose that H is a k-uniform 
hypergraph on n> uq vertices such that 

Then H contains a matching covering all but at most ^Jn vertices. 

In [17], Markstrom and Ruciriski only stated Theorem 3.3 for \ <l< k/2. In fact, their 
proof works for all values of i such that 1 < I < k — 2. In the case when £ = A: — 1, we need 
a result of Rodl, Rucihski and Szemeredi [22, Fact 2.1]: if 6k-i{H) > n/k, then H contains 
a matching covering all but at most k^ vertices in H. 

We now show that, to prove Theorem 1.1, it suffices to prove Theorems 3.1 and 3.2. 

Proof of Theorem 1.1. Let s be as in Theorem 3.2 and a,^ be as in Theorem 3.1. That 
is, 

< a,4 < e «; 1/r. 

Assume that 2r < £ < 4r — 1. Consider any sufficiently large 4r-uniform hypergraph H on 
n vertices such that 4r divides n and 

Se{H) > S{n,4r,£). 

For any A; > 2, it is clear that Sk-i{Bn^k) > n/2 — {k — 1). Thus, by Proposition 2.1, 
Se{Bn,4r) > (1/2 - a){l-_\)- Consequently 6i{H) > (1/2 - Theorem 3.1 implies 

that cither H is e-close to Bn^k or Bn,k or H contains a matching M of size \M\ < ^n/(4r) 
that absorbs any set W C V{H) \ V{M) such that \W\ G 4rN with \W\ < ^'^n. In the 
former case Theorem 3.2 implies that H contains a perfect matching. In the latter case set 
H' := H\V{M) and n' := \V{H')\. Since ^ > 2r, a,^ < 1/r and n is sufficiently large, 

MH') > - iF(M)i (^^ _,)>{^- ^ + «) (:; : . 

Hence, if £ < 4r — 2, Theorem 3.3 implies that H' contains a matching M' covering all but 
at most Vn/ vertices in H' . If £ = 4r — 1, then since 5^{H') > n' /{Ar), Fact 2.1 from [22] 
implies that H' contains a matching M' covering all but at most (4r)^ vertices in H' . In 
both cases set W := V{H')\V{M'). Then \W\ < Vnf < i^n. By definition of M, there is a 
matching M" in H which covers F(M) U W . Thus, M' U M" is a perfect matching of i?, 
as desired. □ 
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4. The Extremal Case 

In this section we prove Theorem 3.2: for sufficiently small e > and sufficiently large 
n € kN, any fc-uniform n-vertex hypergraph H with 5i{H) > 6{n,k,i) and which is e-close 
to Bn,k or Bn^k contains a perfect matching. Recall that 6(n, k, i) is the maximum of the 
minimum ^-degrees among all the hypergraphs in 'Hext{iT',k), and 'Hext{n,k) contains all 
hypergraphs Bn,k{A, B) with \ A\ odd, and all hypergraphs Bn,k{'^i -S) where n/k is odd and 
1^1 is even, and where n/k is even and |^| is odd. 

Given two /c-uniform hypergraphs H and H' on n vertices, we say H s-contains H' if, 
after adding at most en^ edges to H, the resulting hypergraph contains a copy of H'. More 
precisely, H e-contains H' if there is an isomorphic copy H of H such that V{H) = V{H') 
and \E{H') \ E{H)\ < en^. Trivially if H is e-close to H' , then H e-contains H'. 

The following theorem thus implies Theorem 3.2. 

Theorem 4.1. Given 1 < £ < k — 1, there exist e > and no G N such that the following 

holds. Suppose that H is a k-uniform hypergraph on n > uq vertices such that n is divisible 
by k. Then H contains a perfect matching if the following holds. 

• 6eiH)>Sin,k,i); 

• H e-contains Bn,k or Bn^k- 

Furthermore, by modifying the proof of Theorem 4.1 slightly one can obtain another 
structural extremal case result (we omit its proof). 

Theorem 4.2. Given an integer k > 2, there exists > andno G N such Iho/t the following 
holds. Suppose that H is a k-uniform hypergraph on n > uq vertices such that n is divisible 
by k. Then H contains a perfect matching if the following holds. 

(i) : S^{H)>il-e){l-_l); 

(ii) : Under any partition A,B ofV{H), there always exist at least one {A, B)-even 
edge and at least one {A,B)-odd edge; 

(iii) : H e-contains Bn,k or Bn,k- 

The rest of this section is devoted to the proof of Theorem 4.1. 

4.1. Preliminaries and proof outline. Given a set A, we denote by K^{A) the complete 
fc- uniform hypergraph on A (the superscript k is often omitted). Given integers < r < A; 
and two disjoint sets A and B, let K!^{A,B) or simply Kr{A,B) denote the fc-uniform 
hypergraph on ^ U i? whose edges are all A;-sets intersecting A with precisely r vertices. 

Let H, H' be two A;-uniform hypergraphs on the same vertex set V . Let H' \ H := 
{V,E{H') \ E{H)). Suppose that < a < 1 and \V\ = n. A vertex v & V is called a-good 
in H (otherwise a-bad) with respect to H' if ci_ff'\ij(v) < an^~^. Sometimes we also say 
that V is a-good (in H) with respect to E{H'). 

We use the following result [22, Fact 4.1] and include a proof for completeness. 

Lemma 4.3. Let A;,r G N such that k > 2 and r < k. Let < a < fc(2A:(fc-i))''-i " ^''^PPOse 
that H is a k-uniform hypergraph onV = A\JB such that \ A\ = tr, \B\ = t{k — r) for some 
integer t > 2{k — 1), and every vertex of H is a-good with respect to KI^{A,B). Then H 
contains a perfect matching. 

Proof. Let M be a largest matching of H consisting of only A^'B'^^^' edges. Set m := \M\ 
and n := \V\ = tk. We claim that m = t, namely, M is a perfect matching of H. Suppose 
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m < t instead. Let Aq := A\ V{M) and Bq := B \ V{M). Then \Ao\ = {t - m)r > r 
and I-BqI = (t — m)(k — r) > k — r. The maximality of M implies that there are no 
AqBq~^ edges. Fix v G ^o- Since v is a-good with respect to K^{A,B), it follows that 
('■t-T^) &) < an^'^, which implies that 



r J \k — 

and thus, {t — m)^~^ < a{tk)^~^ . Since a < \/{2k)^~^, this implies that t - m < t/2 or 
m > t/2. 

Fix a k-set S = {vi,V2, ■ ■ ■ ,Vk} with vi,. . . ,Vr € Aq and Vr+i, ■ ■ ■ ,Vk G -Bo- Given a 
vertex v £ V, we call a collection ei, . . . , Cfc-i of A; — 1 distinct edges feasible for v if every 
fc-set T with f G T, |r n e^l = 1 for all 1 < z < A; - 1 and |r n ^| = r is an edge of H. 
We claim that there are k — 1 (distinct) edges ei, . . . , ek_i of M that are feasible for all the 
vertices of S. This contradicts the maximality of M since it is easy to see that U 5 

contains k disjoint A^B^~'^ edges of H. 

To find k — 1 feasible edges for all the vertices of 5, we consider all {k — l)-tuples of 
M. There are (H) > - l)-tuples of M. Since each Vi is a-good, at most an 

{k — l)-scts that are neighbors of v in K^{A, B) are not neighbors of vi in H. Thus at most 
an^~^ {k — l)-tuples of M are not feasible for f j. In total, at most kan^~^ {k — l)-tuples of 
M are not feasible for at least one vertex of S. Since t/2 > k — 1 and a < fc(2fc(fcii))fc-i ; we 

have > ( 2(fc-i) )*^~^ kan^~^. Hence there always exists a {k — l)-tuple of M feasible 

for all the vertices of 5. □ 

To derive Corollary 4.5, we also need a simple claim. 

Claim 4.4. Let H and H' be two k-uniform hypergraphs on an n-vertex set V. Suppose 
that a > and v is a-good in H with respect to H' . Let H" be a subgraph of H' onU dV 
such that V £ U and \U\ > cn for some c > 0. Then v is a' -good in H\U\ with respect to 
H" , where a' := al<^~^ . 

Proof. This follows from 

□ 



Corollary 4.5. Given an even integer k > 2, there exist a > and no G N such that the 
following holds for all n > uq with n G 2A;N. Suppose that H is an n-vertex k-uniform 
hypergraph with a partition A,B ofV(H) such that \A\ = \B\ = n/2. If every vertex of H 
is a-good with respect to Bn,k{A,B), then H contains a perfect matching. 
Furthermore, if k/2 is odd, then n G 2A;N can he weakened to n £ A;N. 

Proof. First assume that n G 2/cN. Then \A\ = \B\ is divisible by k. We arbitrarily 
partition A into two subsets Ai of size \A\/k and A2 of size \A\{k — l)/k, and partition B 
into two subsets Bi of size \B\{k — l)/k and B2 of size \B\/k. Let Hi = H[Ai U Bi] for 
i = 1,2. Since all the vertices of H are a-good with respect to Bn,k{A, -B), by Claim 4.4, all 
the vertices in Ai U Bi are a'-good in Hi with respect to Ki{Ai, Bi), where a' := 2^~^a. 
Similarly, every vertex in A2UB2 is a'-good in H2 with respect to Ki{A2, B2). As a' <C 1/fe, 
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wc can apply Lemma 4.3 to Hi and H2 obtaining a perfect matching Mi of Hi and a perfect 
matching M2 of H2. Thus Mi U M2 is a perfect matching of H. 

Second assume that k/2 is odd and n G kN. Then \A\ = \B\ is divisible by k/2. Since 
every vertex of H is a-good with respect to Ky.i2{A,B), we can apply Lemma 4.3 with 
r = k/2 obtaining a perfect matching of H. □ 

Now we give an outline of our proof of Theorem 4.1. 

Step 1: Since H e-contains Bn,k (or Bn,k)^ all but at most ein vertices in H are £2- 
good with respect to Bn^k (or Bn^k) for some e <C £1 <C £2- Denote the set of £2-bad 
vertices by Vq. Let A and B denote the vertex classes of Bn^k (or Bn,k)- We move 
the vertices of Vq to the other side (from ^ to S or from B to A) and denote the 
resulting sets by Ai and Bi. 

Step 2: In some cases, we will obtain a special edge eo, which is an (^1, i?i)-even edge 
when H £-contains Bn,k or an {Ai, Bi)-odd edge when H e-contains Bn,k- Note that 
eo may contain vertices of Vq- 

Step 3: We remove a matching Mi of size \Mi\ < £in containing all the vertices in 
Vo \ eo. Denote the resulting sets by A2 and B2. 

Step 4: We remove a small matching from H[A2 U B2] such that the resulting sets 
^3, i?3 satisfy: 

• If /c is even and H £-contains Bn,k, then |^3| =0 (mod k). 

• If A; is even and H £-contains Bn,k: then |^3| = I-B3I. Furthermore, if k is 
divisible by 4, wc also need |^3| = (mod k). 

• If /c is odd, then 1^3! =0 (mod k — 1). 

In many cases the special edge eo is needed in this step. 
Step 5: If eo was introduced in Step 2 but not used in Step 4 and eo fl Vb / 0, we 

remove a small matching containing all the vertices in eo H Vq while preserving the 

property mentioned in Step 4. 
Step 6: We apply Lemma 4.3 or Corollary 4.5 to H[A3 U B^] and find a perfect 

matching of H[A2 U B^]. 

In the next three subsections, we give details of these steps based on the three cases listed 
in Step 4. Full details for each step are only given when the step is needed at the first time. 
Note that Steps 1 and 3 are essentially the same for all the three cases but Steps 2 and 5 
are not necessary in some cases. 

Indeed, we may only apply Step 2 in the case when, after applying Step 1, (i) H £-contains 
Bn,k and Bn,kiAi,Bi) e Hext{n,k) or; (ii) H £-contains Bn,k and Bn,k{Ai,Bi) € Hextin,k). 
In these cases, we will need to use the condition that 6e{H) > 6{n, k, £) to ensure H contains 
our desired edge eo- This is the only place in the proof of Theorem 4.1 (and in fact, the 
only part of the proof of Theorem 1.1) where we use the full force of our minimum ^-degree 
condition. 

The edge eo acts as a "parity-breaker" , helping us to construct our desired perfect match- 
ing. However, if H does not satisfy (i) or (ii) then no parity-breaking edge is required, and 
so we do not need Step 2. 

4.2. k is even and H £-contains Bn,k- Iii this subsection, we prove Theorem 4.1 under 
the assumption that k is even and H £-contains Bn,k, where < £ ^ 1/k. Define ei := k^ea 
and £2 := k^es . Let if be a /c-uniform hypergraph on an n-vertex set V for sufficiently large 
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n G km. Note that n is even because k is even. Suppose that H e-contains Bn^k^ namely, 
there exists a partition A, B ol V such that \A\ = \B\ = n/2, B^^k = (^i -^even(^! -^^)) and 

\E,^en{A,B)\E{H)\<enK 

Step 1: Recall that a vertex v G V{H) is e2-bad with respect to Bn,k if d-^ fe\_f/('") £2n^~^- 
In other words, if v is e2-good then all but at most e2n'^~^ of the (A, B)-eveii edges that 
contain v belong to H. We observe that at most £in vertices in H are £2-bad. Otherwise 

k\E(Bn,k) \ E{H)\ = \ > £2n^^iein = ken\ 

contradicting the assumption that | Eleven -S) \ E{H)\ < en^. 

Let ^0 ^-iid Bq denote the sets of e2-tiad vertices in A and in B, respectively, and set 
Vq := Aq U Bq. Then |^o| + I-BqI = \Vq\ < Sin. Notice that 6i{H) > - e)(feZi) 
by Proposition 2.1. Consider f G Vq- We know that ^(v) < Since 
dg > £2?^^""'^) it follows that 

(2) iv)>{l-e)[l-_ I) - (.) -S2n^-^)> s^n'^'^ - 2. 2 J) > |n^-. 

In other words, w lies in at least e2n^~^/2 [A, i?)-odd edges in H. 

Define Ai := (A \ Aq) U Bq and Bi := (B \ Bq) U Aq. Then yli, 5i is a partition of 
with > (l/2-ei)n. 

We now separate cases based on the parity of \Ai\. 

First assume that |^i| is even. Then Bn,k{Ai, Bi) y.ext{n',k). Thus, we do not need 
Step 2 (and therefore Step 5) in this case. 
Step 3: We remove a matching Mi from H such that 

• \Mi\ = \Vo\ < em; 

• each edge of Mi contains exactly one vertex of Vq; 

• all the edges of Mi are (yli, i?i)-even. 

To find Ml, we consider the vertices of Vq in an arbitrary order and apply the following 
simple claim repeatedly. 

Claim 4.6. Let k >2 be an integer and ai,a2 be constants such that a2 > ai/{k — 2)\ > 
(here 0! := 1). Let H be a k-uniform hypergraph on n vertices such that dniv) > a2n^~^ 
and \U\ < ain for some U C V{H) with v ^ U. Then v lies in an edge disjoint from U. 

Proof. There arc at most ^^'^{^Z^) — (fc"2)! ^^~^ edges of H containing v and at least 
one vertex from U. Since a2 > ai/{k — 2)\, there exists an edge containing v and no vertex 
ofU. □ 

Suppose that we have found i edges in Mi and consider the next vertex v € Vq. Then 
|Vo U y(Mi)| < kein. Because of (2) and ei ^ £2, we can apply Claim 4.6 with U = 
[Vq \ {v}) U V^(Mi) to find an {A, B)-odd edge containing v but no other vertex of Vq and 
which is disjoint from the existing edges of Mi. By the definition of Ai,Bi, any {A, B)-odd 
edge containing v and no other vertex of Vq is an (j4i, i?i)-even edge. We thus add this 
edge to Ml. At the end of this process, let A2 := Ai \ V{Mi) and B2 := Bi \ V{Mi). 
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Step 4: Since |^i| is even, the third property of Mi imphes that s := \A2\ (mod k) is also 
even. If s 7^ 0, we remove an A|i32~'^ edge 62- Such an edge exists because all the vertices 
in A2 U B2 are £2-good with respect to Bn,k- More precisely, since A2 A, B2 B, and 
1^2!, I-S2I > (5 — (A; + l)ei)n, Claim 4.4 implies that all the vertices in A2 U B2 are 2£:2-good 
with respect to Ks{A2,B2). As £2 ^ 1/^ and consequently 

'(i-(A; + l)£i)n-l\ /(i-(A; + l)£iK 
s-1 J\ k-s 

there exists an ^2-^2"* edge containing any vertex in A2. 

Let ^3 := A2 \ 62 and ^3 := B2 \ €2- Then l^sl = (mod k). Since l^dsl + l^al = 
1^1 + \B\ = (mod /c), we have I-B3I = (mod k). 

Step 6: Since \A^\ > (1/2 - 2tei)n > n/3, by Claim 4.4, all the vertices of A3 are (3'=-^e2)- 
good in iJfAa] with respect to B„,fe[A3] = K^{A^), the complete A;-uniform hypergraph on 
A3. As £2 ^ 1/^) by Lemma 4.3 (with r = k), there is a perfect matching M3 of //[A3]. 
Similarly we can find a perfect matching M3 of H[B^\ (note that i3„^fc[i?3] = K^[B^) because 
A; is even). The union Mi U {62} U M3 U M3 is the desired perfect matching of H. 

Now assume that \Ai\ is odd. In this case we need Step 2 (but not Step 5). Note that 
Bn,k{M,Bi) G ncxtin,k) since \Ai\ is odd. As 5g{H) > 5{n,k,£) > 6i{Bn,k{Ai, Bi)), we 
can find an (Ai, Bi)-odd edge eg. We apply Step 3 as before though now we require that 
Ml is chosen to be disjoint from cq. In particular, this means Mi is chosen to cover Vo\eo. 
After Step 3, we let A2 := A2 \ Bq and B2 := B2 \ Bq. Then s := 1 (mod k) is even. The 
rest of the argument is the same as in the case when \Ai\ is even. □ 



4.3. k is even and H £-contains Bn,k- Assume that k is even, and n is sufficiently large 
and divisible by k (thus n is also even). Recall that Bn^k is the fc-uniform hypergraph 
whose vertex set is partitioned into A\J B such that \A\ = \B\ = n/2 and whose edge set 
Eodd{A,B) consists of all /c-sets that intersect A in an odd number of vertices. Suppose 
that if is a /c-uniform hypergraph on n vertices such that H £-contains Bn,ki namely, 
\E,AM,B)\E{H)\<enK 

Step 1 is the same as in Section 4.2, except for replacing Bn^k by Bn^k- Therefore again 
Aq and Bq denote the sets of £2-bad vertices in A and B respectively and Vq := Aq U Bq, 
Ai := {A\Ao) U Bq and Bi := {B\Bq) U Aq. 

IfBn^ki^i, Bi) e 'Hcxt{'n,k) then as d£{H) > 6f{Bn,k{Ai, Bi)), we can apply Step 2. That 
is, H contains an (Ai, i?i)-even edge eg. Then rg := |eo H Ai\ is even. If Bn^ki^i^ Bi) ^ 
T^extin, k) then we do not apply Step 2. (So in what follows, we take cq = in this case.) 

In Step 3, we remove a matching Mi such that 

• |Mi| = |yo\eo| < £in; 

• each edge of Afi contains exactly one vertex of Vo\eo; 

• all the edges of Mi are {Ai,Bi)-odd and are disjoint from cq. 

Further, in the case when i3„^fe(Ai,5i) 'Hex.t{n-ik) we add at most 3 extra {Ai,Bi)- 
odd edges to Mi to ensure that Mi is a matching with |Mi| divisible by 4. Set A2 := 
Ax \ V{Mi) and B2 := Bi\ ^(Mi). Without loss of generality, assume that IA2I > \B2\. 
Let d := 1^421 — \B2\- Then d is even because IA2I + IS2! is even. We also know that 
d < fc|Mi| + 2|Vo| < {k + 2)£in + 3k. We now separate cases based on the parity of k/2. 
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4.3.1. k/2 is even. Step 4: We remove a matching M2 that consists of d/2 A2 B2 
edges that are disjoint from Mi and cq (note that k/2 + 1 and k/2 — 1 are odd). In a similar 
way to Step 4 of Section 4.2, these edges exist because ah the vertices in {A2 U B2) \ eo are 
£2-good with respect to Bn^^. The resulting sets := A2 \ V{M2) and B3 := B2 \ V{M2) 
thus have the same size 



Let s := I ^3 1 = |i?3| (mod k). Since |^3| + |i?3| = (mod k), it follows that either s = 
or s = k/2. 

Notice that if i3„^fc(^i, i?i) Tiextinjk), then s = 0. Indeed, suppose not. Then s = k/2 
and so \As\ = IB^] = km + k/2 for some m G N. Thus, |^3| + {B^l = 2km + k. Hence, 
(l^sl + \B2,\)/k is odd but \A^\ is even. Since the edges in Mi U M2 are (yli, i?i)-odd, this 
implies that either (|^i| + \Bi\)/k = n/k is odd and \A\\ is even or n/k is even and |^i| is 
odd. In both cases this implies that ;B„,fe(^i, -Bi) G Hext{n,k), a contradiction. 

Case la: s = 0. If eoH Vq = 0) then we proceed to Step 6 directly. Since [A^l = [B^l = 
(mod k) and l^sl, \Bs\ > (^ - SA:^ ei)n, we can apply Corollary 4.5 obtaining a perfect 
matching M3 of H[A^ U B^]. Consequently Mi U M2 U M3 is the desired perfect matching of 
H. (Note that this covers the case when Bn^k{Ai,Bi) ^ T-Le^t{n, k), since s = and eo = 
in this case.) 

If eo n Vo 7^ 0, then we need Step 5, in which we remove a small matching containing all 
the vertices of eo fl Vq. Let u G eo fl Vq. By a similar calculation as in (2), v is contained in 
at least e2^^''"V2 {A,B)-cvcn edges. Applying Claim 4.6 with U = V{Mi U M2) U {eo\v), 
we find an (A, B)-cvcn edge of H[A^ U B^] containing v. Since v changes 'side' (from A to 
Bi or from B to Ai), and by the choice of U, this edge is an A'^B^~^ edge for some odd r. 
To keep the numbers of the remaining vertices in A3 and S3 the same and divisible by k, 
when we remove an A^B^~^ edge e containing v we immediately remove an A'^-^'Bl edge 
disjoint from e (such an edge exists because all the vertices in (^3 U B3) \ cq are e2-good 
with respect to Bn,k)- Repeat this process for all the vertices in eo n Vq. Denote by M3 
the set of all removed edges in this step. Then \M^\ < 2k. Let A4 := ^3 \ V{M3) and 
:= Bs \ y(M3). Then IA4I = = (mod k). Finally in Step 6 we find a perfect 
matching M4 of H[A4 U B4] by Corollary 4.5. Thus Mi U M2 U M3 U M4 is the desired 
perfect matching of H. 

Case lb: s = k/2. Recall that |eon^i| = ro for some even tq. Thus, leoRylsl = tq. We 
continue on Step 4 as follows. If rg < k/2, then we remove eo together with f — tq disjoint 
^fc/2+i^fe/2 1 g^ggg. otherwise we remove eo together with ro — | disjoint ^3^^ ^B^^'^^^ 
edges. Denote by M3 the set of these removed edges. Let A4 := A3 \ ^(Afs) and B4 := 
Bs \ V{Ms). It is easy to see that |yl4| = I-B4I = |^3| - (|| - ro| + 1)|. Since s = k/2 and 
k/2,rQ are even, we have {A^l = (mod k). Since eo has been used, we now skip Step 5 
and proceed to Step 6. As in Case la, we find a perfect matching M4 of if[^4 U B4] by 
Corollary 4.5. Consequently Mi U M2 U M3 U M4 is the desired perfect matching of H. 

4.3.2. k/2 is odd. Recall that d := |yl2| — I-B2I > is even. We will separate cases based on 
the parity of d/2. Firstly though, notice that if Bn^ki^iy ^i) ^ ^ext(^) k) then d is divisible 
by 4. Indeed, suppose instead that d = 2 (mod 4). First consider the case when \A2\ + |i32| 
is divisible by 4. Since |Mi| is divisible by 4, this implies that |^i| + \Bi\ = n is divisible 




EXACT MINIMUM DEGREE THRESHOLDS FOR PERFECT HATCHINGS IN UNIFORM HYPERGRAPHS 

by 4. But since k is not divisible by 4, this implies that n/k is even. Further, since d = 2 
(mod 4), we derive that \A2\ is odd. Since \Ai \ is even, this implies that |^i| is odd. 
Therefore Bn,k{Ai,Bi) G ^ext(«, fc), a contradiction. Second assume that |yl2| + I-B2I = 2 
(mod 4) (recall that \A2\ + I-B2I is even). Since |Afi| is divisible by 4, this implies that 
n = 2 (mod 4). As k is even, this implies that n/k is odd. So as d = 2 (mod 4), we derive 
that 1^421 is even, and consequently \Ai\ is even. Therefore Bn,k{Ai,Bi) € 7iext{'>^,k), a 
contradiction. 

Case 2a: 4 divides d. In Step 4, we remove d/A disjoint A2^'^^'^ b!^^"^ ^ edges (these 
edges exists because k/2 + 2 is odd and all the vertices {A2UB2)\eQ are e2-good with respect 
to Bn,k)- Denote by M2 the set of these edges. Let As := ^2X^(^2) and B2, := B2\V{M2). 
Then' 



If eo n Vo = 0, then we proceed to Step 6. Claim 4.4 implies that all the vertices in 
H[A^ U S3] are 2£2-good with respect to £^odd(^35 -B3). Since A;/2 is odd, we can apply the 
second assertion in Corollary 4.5 and find a perfect matching M3 in H[A^^ B^ (here we do 
not require |^3| = \B^\ = (mod k)). Thus, Mi U M2 U M3 is our desired perfect matching 
in H. (Note that this covers the case when i3„ ^(Ai, He^tin, k), since cq = in this 
case.) 

If eg n Vo 7^ 0, we need to apply Step 5. As in Case la, we remove a matching M3 
of size at most 2k containing all the vertices of eo n Vq such that ^4 := ^3 \ V{Ms) and 
B4 := B3 \ V{M^) have the same size. Finally in Step 6 we find a perfect matching M4 of 
H[A4 U B4] by the second assertion in Corollary 4.5. Thus, Mi U M2 U M3 U M4 is a perfect 
matching in H. 

Case 2b: d = 2 (mod 4). We remove cq immediately. Let A2 := A2 \ cq and B2 := 

i?2 \ eo- Since k = 2 (mod 4) and vq is even, we have k — 2ro = 2 (mod 4). Consequently 
1^2! - 1^2! = {\M - ro) - {\B2\ -k + ro) = d+{k- 2ro) = (mod 4). We then follow the 
procedure of Case 2a (since eo has been removed, we can skip Step 5). □ 

4.4. k is odd. Let be a fc- uniform hypergraph such that it e-contains 3^^}- or B^^k- 

Recall that Bn^k is the n-vertex A;-uniform hypergraph on V = A\J B such that = 
[n/2j, \B\ = [n/2], with edge set £^even(^j -B). Since k is odd, Bn^k can be viewed as the 
n-vcrtcx /c-uniform hypergraph onV = A^ B such that \A\ = [n/2], \B\ = [n/2j, with 
edge set Eleven (^, -B). We thus assume that V{H) = A^ B such that either |^| = [n/2j or 
\A\ = [n/2] and \E^^en{A,B) \ E{H)\ < en^. 

Our Step 1 is the same as in Section 4.2. After applying Step 1 wc have a partition 
Ai^Bi of V{H). If Bn,k{Ai-,Bi) ^cxt(n, fc) then, by definition oi'He^i{n,k), \Ai\ is even. 
Thus, in this case \Ai \ mod /e — 1 is even. 

If \Ai\ mod A; — 1 is odd, then we need Step 2: find an (Ai, Bi)-odd edge bq. Note that 
in this case Bn,k{Ai,Bi) G ^ext(n, A;), and thus our minimum ^-degree condition ensures 
we can find such an edge eo. 

Our Step 3 is again the same as in Section 4.2. (Note though, if |yli| mod A; — 1 is odd, 
then we introduced eo- Thus in this case we select Mi to cover Vb\eo so that Mi is disjoint 
from cq.) Since each edge in the matching Mi is an A\B^^^ edge for some even r < A; — 1, 
it follows that l^il mod A; — 1 and \A2\ mod A; — 1 have the same parity. 
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Assume that |y42| = s (mod k — 1). In Step 4, if s is even, then we simply remove an 
arbitrary yl|i?2~* edge 62 and let M2 = {62}. If s is odd, then we remove eq, which is an 
A2'B2^^'^ edge for some odd tq. Set A2 := ^2\eo- Thus, [yl^ = s — vq mod A; — 1 and since 
s, ro are odd, s' := jAg] mod A; — 1 is even. Select an arbitrary ^2'i^2 ^dge 62 that is 
disjoint from cq and set M2 = {cq, 62}. 

Let As := A2 \ V{M2) and B3 := B2 \ V{M2). The choice of M2 is such that {A^l = 
(mod k — I). We skip Step 5 and proceed to Step 6. Arbitrarily partition into B^ 
and B| such that IB3I = |A3|/(A; — 1) (this is possible because l^lsl Ri IB^] Note 
that \A^\ + |i?3| = mod k. Hence, as |^3| + \Bl\ = k\A^\/{k — 1) = mod k, we have 
that = mod k. Let Hi := H[A3 U B^] and H2 := H[B^]. Since jylsl + \Bl\ > 
(1/2 - 2kei)nk/{k - 1) > n/2, by Claim 4.4, all the vertices of Hi are (2^"^e2)-good with 
respect to Ky;^i{A^,B\). Since A; > 3 (because A; > 2 is odd), we have f |Ei > 5^- 

By Claim 4.4, all the vertices of H2 are ((2A:)'^~^e2)-good with respect to K'^[B'^]. We 
therefore apply Lemma 4.3 to Hi (with r = A; — 1) and to H2 (with r = A;) to obtain a 
perfect matching M3 of Hi and a perfect matching M'^ of ii'2- Thus Mi U M2 U M3 U i\4 is 
a perfect matching of H. □ 



5. The non-extremal case 

In this section we prove Theorem 3.1. Let a > and r, ^ G N such that 2r < ^ < 4r — 1. 
Given a 4r- uniform hypergraph H on n vertices such that 6i{H) > (5 — «) (4^"^)) by 
Proposition 2.1, we have S2r{H) > - a) ("srO- Thus, in order to prove Theorem 3.1 it 
suffices to prove the following result. 

Theorem 5.1. Given any e > and r G N, there exist a,^ > and no G N such that the 
following holds. Suppose that H is a Ar-uniform hypergraph on n > no vertices where 4r 
divides n. If 

M.).Q-c)("-;- 

then H is e-close to Bn,4r orBn,4r, or H contains a matching M of size \M\ < ^n/{Ar) that 
absorbs any set W C V{H) \ v\m) such that \W\ G 4rN with \W\ < ^^n. 

Theorem 5.1 immediately follows from Lemmas 5.2-5.4. Following the ideas in [20, 22], 
wc first show in Lemma 5.2 that in order to find the absorbing set described in Theorem 5.1, 
it suffices to prove that there are at least ^n^'' absorbing 8r-sets for every fixed 4r-set from 
ViH). 

Lemma 5.2 (Absorbing Lemma). Given < ^ <C 1 and an integer k > 2, there exists 
an no € N such that the following holds. Consider a k-uniform hypergraph H on n > uq 
vertices. Suppose that any k-set of vertices Q C V{H) can be absorbed by at least ^n^^ 
2k-sets of vertices from V(H). Then H contains a matching M of size \M\ < ^n/k that 
absorbs any set W C V{H)\V{M) such that \W\ G kN and \W\ < ^^n. 

Given a 2r-uniform hypergraph H (for some r > 2), we define the graph G{H) with 
vertex set {^^^^) in which two vertices Xi . . .Xr,yi ■ ■ .yr € V{G{H)) are adjacent if and 
only if xi . . . x^j/i ■ ■ .yr € E(H). When it is clear from the context, we will often refer to 
G{H) as G. 
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Lemma 5.3 (Lemma on G). Given any /3 > and an integer r > 2, there exist q, ^ > 0, 
and no G N such that the following holds. Suppose that H is a 2r -uniform hypergraph on 
n> riQ vertices so that 2r divides n and 

M«)>Q -«)("- 

Set G := G{H) and N := (then N is even because 2r divides n). Then at least one of 
the following assertions holds. 

• G = Kn n lb /3iV^ or G = Kn n it PN"^; in other words, either G or G becomes a 

2 ' 2 2 ' 2 

copy of Kn n after adding or deleting at most /3iV^ edges. 

2 ' 2 

• There are at least ^n^'' absorbing Ar-sets in (^4^"*) for every 2r -subset ofV{H). 

Lemma 5.4. Given any e > and r G N, there exist (3 > and no G N such that the 

following holds. Suppose that H is a Ar-uniform hypergraph on n > uq vertices where 4r 

divides n. Suppose further that G := G{H) satisfies G = Kn_ n_ ±PN^ orG = KN N±PN^, 

2 ' 2 2 ' 2 

where N := Q^) . Then H is e-close to Bn,ir or Bn,ir- 

Notice we have stated Lemmas 5.2 and 5.3 in a more general setting than we require. 
(That is, we consider A;-uniform hypergraphs in Lemma 5.2 for all A; > 2 and 2r-uniform 
hypergraphs in Lemma 5.3 for r > 2.) However, for Lemma 5.4, our proof is such that we 
can only consider 4r-uniform hypergraphs for r G N. (This is the main obstacle in extending 
our proof to work for all 2r-uniform hypergraphs.) The rest of the section is devoted to the 
proof of Lemmas 5.2-5.4. 

5.1. Proof of Lemma 5.2. For a A;-set Q C V{H), let Lq denote the family of all absorbing 
2A;-sets for Q. By assumption, \Lq\ > ^n^*^. Let F be the family of 2A;-sets obtained by 
selecting each of the (2*^) elements of (^2^^^) independently with probability p := ^/n^^"^. 
Then 



for every set Q C (^^^■*). 

Since n is sufficiently large. Proposition 2.2 implies that with high probability we have 

(3) < 2E(|F|) < -^n, 

(4) \LQf^F\>^¥.{\LQnF\)>^n for all Q G (^^^^^^) . 
Let Y be the number of intersecting pairs of members of F. Then 



2k) \2k-\) - {2k-l)\{2k-\)\' 

By Markov's bound, the probability that Y < (2A;-i)!(2fc-i)! ^ least Therefore we 



t2 



can find a family F of 2fc-sets satisfying (3) and (4) and having at most (2fc-i)f(2fc-i)! ^ 
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intersecting pairs. Removing all non-absorbing 2/c-sets and one set from each of the inter- 
secting pairs in F, we obtain a family F' of disjoint absorbing 2/c-sets such that |F'| < |F| < 
j§y n < Cn/2k and for all Q G (^Jf 

Since F' consists of disjoint absorbing sets and each absorbing set is covered by a matching, 
V{F') is covered by a matching M. Now let W C V{H)\V{F') be a set of at most 
^^n vertices such that \W\ = kl for some ^ G N. We arbitrarily partition W into k-sets 
Qi, . . . ,Q^. Because of (5), we are able to absorb each Qi with a different 2A;-set from 
Lq. n F'. Therefore V{F') UW is covered by a matching, as desired. 

5.2. Proof of Lemma 5.3. Given /3 > 0, we choose additional constants 7, a, ^ such that 

(6) < C < a <C 7 <C /3. 

Without loss of generality we may assume that (3 <C 1/r. We also assume that n is suffi- 
ciently large. 

Let Q C V{H) be a 2r-set. It is easy to see that if Q has at least 7^71,^'' absorbing 2r-sets 
then Q has at least ^n^^ absorbing 4r-sets. Indeed, let P be an absorbing 2r-set for Q. 
Then P U e is an absorbing 4r-set for Q for any edge e G E{H — (P U Q)). Since n is 
sufficiently large, 



n 



l-(-)lMV«)(";0'<§^G-«yu. 



Hence, as n is sufficiently large, there are at least 



> 



1^ X TTTTZTT X Tin ^ 



V2r - ly ~ 4(2r)! 

edges in if — (P U Q)- Since an absorbing 4r-set may be counted at most (2^) times when 
counting the number of P, e, there are at least 

4(2r)! ' (^;) 

absorbing 4r-sets for Q. 

Therefore, in order to prove Lemma 5.3, it suffices to prove the following two claims. 

Claim 5.5. // either of the following cases holds, then we can find 7^n^'' absorbing 2r-sets 
or 7^n^'' absorbing Ar-sets for every 

Case (a) : For any r -tuple a G i^'^^^), there are at least r-tuplesb G {^^^^) 

such that \NH{a) D iY^®! > 7("). 
Case (b): \{a G (^f )) : ^^(a) > + > H^)- 

Claim 5.6. // neither Case (a) or Case (b) holds, then G = Kn n ± fSN'^ or G = Kn n ± 

2 ' 2 2 ' 2 

/3iV2. 

Proof of Claim 5.5. Given a 2r-set Q = {xi, . . . ,Xr,yi, ■ ■ ■ , yr} C V{H), we will consider 
two types of absorbing sets for Q: 
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(i) 



X2 




^2 - 



(ii) 



yi 



y2 



y'l 






X2 


2/1 


2/2 








•-. 
















2/2 




^2 1 


\ i 


4 



Figure 1. The (i) absorbing 2r-set and (ii) absorbing 4r-set in the case 
when r = 2. 



Absorbing 2r-sets: These consist of a single edge x'l. . . x'^y'i ■ ■ - y'r € E{H) with the 

property that both xi . . . Xrx'^ . . .x'^ and yi ■ ■ ■ yry'i ■ ■ - y'r are edges of H. 
Absorbing 4r-sets: These consist of distinct vertices x'^, . . . ,x'^, y[, . . . ,y'^., w'^, 



, z'^ £ V{H) such that x[ . . . x'^w[ . . .Wj. , y[. . . y'^z'^ . . . z[. and w'^ 



■ w'z\ 



.z[ 



and yi ■ ■ ■ yry'i ■ ■ - y'r are also edges of 



are edges in H. Furthermore, xi 
H (see Figure 1). 

Write X := Xl . . . Xr and y := yi . . . yr- For any two (not necessarily disjoint) r-tuples a, 
b £ C"^^^) we can a a good r -tuple for b if {Nnia) n A^h(5)| > 7(") /2. We first observe that 
Q has at least '-f'v?'^ absorbing 2r-sets if there are 



(7) 



at least 



7 



or at least — 
2 



good r-tuples in Nh{x) for y 
good r-tuples in Nniy) for x. 



Indeed, assume that there are at least 7(")/2 good r-tuples in Nh{x) for y. There are 
at most r(^,"-^) r-tuples in {^^^^) that contain at least one element from {yi, . . . ,yr}- So 
there are at least 7(") /2 — r(^"-|^) r-tuples in Nh{x) that are good for y and disjoint from 
y. Let us pick such an r-tuple x' = {x[...x'^). Thus, \Nh{x') D NH{y)\ > 7(")/2. We 
pick y' = {y[ . . .y'j.) G Nh{x') Ci Nffiy) such that y' is disjoint from x. Note that there are 



at least 7(")/2 



choices for y' . Notice that the 2r-set {x'^, , 



, x^ 



,y[,...,y'^} is an 



absorbing set for Q since x[ . . . x'^y[ ■ ■ .y'^ , xi . . . Xrx[ . . . x'^ and yi ■ ■ ■ yry'i ■ ■ - y'r are edges 
in H. Since an absorbing 2r-set may be counted {^^^ times, this argument implies that 
there are at least 

' ^ f n\ ( n W'^ 1 
2 



1 



absorbing 2r-sets for Q. We reach the same conclusion when there are at least 7(")/2 good 
r-tuples in NH{y) for x. 
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Now assume that Case (a) holds. This impUes that there are at least + 7)(^) good 
r-tuples for x_. By the minimum r-degree condition, dijiy) > (5 — So there are 

at least (7 — > 7(")/2 r-tuples in NH{y) that are good for x. Thus (7) holds and 

consequently Q has at least 7^77,^^ absorbing 2r-sets. 

Next assume Case (b) holds. Let A := {a G (^^^'^) : ^^(a) > (i +7)(")}. So by 
assumption, |A| > 27("). We also assume that (7) fails (otherwise we are done). Every r- 
tuple a G A is good for arbitraryftG (^t^^) because |A?if(a)n ATj^ > (7-q;)(^) >7(")/2. 
Hence |A n Nniy)] < 7(")/2. On the other hand, less than 7(")/2 r-tuples in Nh{x) 
are good for y and consequently at least — — ^-tuples x' G Nh{x) satisfy 

\^H{3f) n Nniy)] < 7(")/2. We pick such an r-tuple x' that is disjoint from y; there are at 
least (i - a) (5 - |(;?) - r{^'^^) > (i - 7)^ r-tuples with this property. Shice 

iiv„(.')uiv„wi,2(i-„)(;)-2(;), (-;)-,(: 

it follows that 



|A n Nh{x!)\ > |A| - |A n NHiy)\ - liNnix') U NH{y))\ 

Now pick any G A fl Nh{x') that is disjoint from Q. (Note there are at least ^(") — 
2r(^"^) > 3(^) choices for w'.) Next pick an r-tuple y' G N^iy) such that y' is disjoint 
from X, a/ and u/. (There are at least (^ — ct)(") — 6r(^."-|^) > — 7)(r) choices for y' 
here.) By the definition of A, there are at least (7 — pairs in Nh{ui') n N}j{y')- We 

pick z[ G Nh{w!) n Nffiy') such that is disjoint from x, y and x'. (There are at least 
(7 - «) (") - 6r (^:! J > 7"(:?) /2 choices for 2' here.) 

Let S denote the 4r-set consisting of the vertices contained in x', y' , v/ and z'. By the 
choice of x' , y' , u/ and z', S" is an absorbing 4r-set for Q. 

In summary, there are at least (^ — 7)(") choices for x', at least ^(") choices for w;', at 
least (| — 7)(") choices for y' and at least ^(") choices for z'. Since each absorbing 4r-set 
may be counted (^^) (^^) (^^) times, there are at least 



1 (n\ 1 (^) ^3^4^ 



ry2Vry (-)(-)(-) 



7 n 



absorbing 4r-sets for Q, as desired. □ 

Claim 5.6 follows from the following lemma (by letting G = G{H)) immediately. 

Lemma 5.7. For any /3 > 0, there exist 7 > and no G N such that following holds. Let 
G = iy, E) he a graph on an even N > uq number of vertices such that 5{G) > (1/2 — 7) A''. 
In addition, G satisfies 

(a) : There exists a E V such that at most (^ -|- 7) AT vertices b E V satisfy \N{a) fl 
N{b)\ > -fN. 

(b) : \{veV : d{v) > (^ + -/)N}\ < 2-fN. 
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Then either G = ii'jv/2,JV/2 ± P^"^ orG = Kn/2,n/2 ± P^"^- 

Proof. Let A := N{a) and B := {b e V : \Ar] N{b)\ < jN}. Then |^| > (5 - 7)iV and 
|5|>(l-7)iV. 

We also need an upper bound on \A\. Fix b £ B. Since |iV(6)| > — 7)A^, wc have 

1^1 + (i - 7) iV < 1^1 + |iV(6)| = 1^ U N{b)\ + \An N{b)\ <N + -fN, 

which gives \A\ < + 2j)N. 

Let e{A, B) denote the number of ordered pairs a, b such that a G A, 6 G .B, and ab G E. 
(Therefore, \i a,b £ Ar\ B and ab £ E then ab counts twice to the value of e{A, B).) By 
the definition of S, we have e{A, B) < ^N\B\. Since 5{G) > (5 — 7) AT we have that 

(9) e{A,B)> {1/2- 2-i)N\B\. 

where, as usual A := V \ A. Next we show that e(A, B) is very small. 
Claim 5.8. e{A,B) < S^\A\\B\. 

Proof. Assume for a contradiction that the claim is false. Set Ai := {x £ A : d{x, B) > 
A^\B\}. By assumption 

8^71^11^1 < e{A,B) < lAII^I +4^71^11^1, 
which gives that \Ai\ > 4^|^|. By (9), as \A\ < + 7)iV, wc derive that 

(10) eiA,B) > (l-27)iV|5| > (1 - 6^)i^ + j)N\B\ > (1 - 6^)\A\\B\. 

Let A2:={xeA: d{x, BJ > (l-3y^)|5|}. We claim that |^2| > {1-3^)\A\_. Indeed, for 
convenience, consider e{A, B), the number of ordered pairs a, b such that a e A, b £ B, and 
ab E. If 1^2! < (1 - 3^)|A|, then e{A,B) > 3^|^|3^|S| = 97|A||S|, contradicting 
(10). 

Let Ao := Ai n A2. We have |^o| > (4^7 - 3^7)1^1- Since \A\ > N/3 and 7 < 1/36, we 
derive that |^o| > s/l^/^ > 27 AT. For every a; G we have 

d{x) = d{x,B) + d{x,B) 

> (1 - 3^7)1^1 + = (1 - 7^7)1^1 + 4^7^ 

- Q-^V7 + 4V7-7)iV> Q+t) N. 

(The penultimate inequality follows since > (5 - 7)^-} This is a contradiction to the 
assumption (b). □ 



Now we go back to the proof of Lemma 5.7. We separate the cases by whether |^ U B| < 
or not. 

First assume that \A\JB\ < -f^/'^N. Since (^ - 7)iV < |^| < (^ + 27)Ar, we can find a 
set Vi C V{G) of size N/2 such that \ViAA\ < 2-fN. Let V2 := V{G)\Vi. Thus, 

e(Fi, ^2) < eiA nVi,Bn V2) + e(yi \ A, V2) + e{Vi, F2 n ^) + e{Vi, F2 \ (^ U B)) 

f N N\ N 

< e(A B) + [\V^ \A\- + \V2^ A\-j +\AVJB\- 

< -fN\B\ + 2^N^ + 7^/^A^y < l^'^N^. 
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Since 5{G) > (5 — j)N, we derive that for i = 1,2, 

2e{V,) = e{V,, V,) >§C^-j)N- j^^N' > ^ - 2^^/'n\ 

Thus, we can delete at most edges between Vi and V2 and add at most edges 

in each of Vi and V2 to turn G into a graph consisting of two vertex- disjoint chques; one on 
Vi, the other on V2- In other words, G = K]\f/2,N/2 

Now assume that \AU B\ > j^/*N. Then \B \ A\ < \A\ - j^/^N < + 7 - -f'^/^)N. By 
Claim 5.8, eiB\A,A\JB) < e{A,B) < 8^|^||S| < S^A^^. Together with e{B\A,A) < 
e{B,A) < \B\-fN < -fN"^, it gives that 

-7)iV < e{B\A, V) < e(B \ A, B \ A) + e{B \ A, A) + e{B \ A,AUB) 

<\B\A\i^ + 7 - -(^/*)N + 7iV2 + 8^7^^^- 

This imphes that (7^/^ - 2'y)N\B \ A\ < Q^iV^ and so \B \ A\ < 107^/"^ AT. Similarly we 
can show that \A\B\< 107^^ AT. Now pick a set Vi C V{G) of size N/2 such that \Vi A\ 
is maximized. Thus, \Vi \A\< jN. Then, as e{A nB,A) < e{B,A) < jN^, we have 

e(Fi) < e{Vi \ A, Vi) + e{A) < e{Vi \ A, Vi) + e{A nB,A) + e{A \ B) 

< 7— + 7^^ + 2 (10^^^^^)^ ^ 52^7V2_ 
Let V2 := V{G)\Vi. Since 5{G) >{\- i)N, we have 

N N'^ 
6(^1,^2) > y - 7)^ - 52V^Ar2 > ^ - 53V7A^'- 

Further, by Claim 5.8 and since |An ^2! = |-4\Vi| < 2'yN, 

e{V2) < eiA n V2, V2) + e{A) < e{A n V2, 1^2) + e{A nB,A)+ e{A n B) 

N - - 
< \AnV2\— + e{B,A) + e{B\A) 

< 27— + 8^7^^^ + 2(107^/^^)^ < 59^7^^- 

Hence, we can add at most edges between Vi and V2 and delete at most 

52^N'^ + 59.y/7iV^ edges inside Vi and V2 to turn G into a complete balanced bipartite 

graph. In other words, G = i^Ar/2,Af/2 =t 164.y/7A'"^. 

Since 7 ^ ^ we conclude that either G = Kn_ n_ ± /3N'^ ot G = Kn_ n_ ± /^N"^, as desired. 

2 ' 2 2 ' 2 

□ 

This completes the proof of Lemma 5.3. 

5.3. Proof of Lemma 5.4. We need the following structural result and prove it by apply- 
ing Theorem 2.3 and Theorem 2.4. 

Lemma 5.9 (Structure Lemma). For any rj > and r G N, there exist 6 > and no G N 
such that the following holds. Suppose that K is a complete 2r -uniform hypergraph on 
n > no vertices whose edge set is partitioned into two sets R (red) and B (blue). Let 
denote the collection of all Ar-suhsets S C V{K) such that there exists a partition of 
5 = Pi U P2 U P3 U P4 where \Pi\ = r for all 1 < i < 4 and such that exactly one of the four 
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2r-sets Pi U P2, P2 U P3, P3 U P4, P4 U Pi is in R or B (the other three are in the other 
color class). Suppose that 

(i) : \R\,\B\ > (|-(5)(2") and; 

(ii) : \n\ < (5n4^ 

Then either K[R] = Bn,2r ± r?^^^ or K[B] = Bn,2r ± m'^'' ■ 
Proof. Given > define additional constants (5, (5i , e such that 
(11) <(5<C(5i <£<??, 1/r. 

Let denote the expanded 2r-uniform 4-cycle. That is, consists of four disjoint 
sets Pi, P2, P3, P4 of vertices of size r, and the edges Pi U P2, P2 U P3, P3 U P4, P4 U Pi. We 
call a 2-colored copy of had if exactly one of its four edges is in P or P (and the other 
three are in the other color class). A 4r-set S G (^If ^) is had if K[S\ contains a bad C"^ . 
Thus (ii) says that the number of bad 4r-sets is at most (5n^''. 

Observe that if Ti is red copy of C^^ and T2 is a blue copy of such that Ti and 
r2 are vertex-disjoint, then there exists at least one bad copy of Cl*" whose vertex set is 
contained in ViTi) U V^(P2): Let a,b,c denote the r-tuples in ^(ri) such that aUb, bU c, 
cU a £ E{Ti). Define x,y,z C V{T2) analogously. If there is a G {a,b,c} such that 
vUwiER and vUw2£Bfor some Wi,W2 ^ {^i?/)!}) then we obtained our desired bad 
copy of . For example, if a U x G P and aU zE R, then the edges ai-) x,xL)y,yU zE B 
and aU z G P induce a bad copy of C|''. Similarly, if there exists v G {x,y,z} such that 
vUwi G P and u LJ2£2 ^ some ^1,^2 G {a,b,c}, then we obtain a bad copy of C4''. 

If neither of these two cases holds, then all the edges of the form vUw receive the same 
color, say red (where v G {a,b,c} and w G {x,y,z}). But then aU b,a(J x,blJ y G P and 
X U y G P induce a bad copy of Cf". 

Assume for a contradiction that K contains at least Jin^*" red copies of Cl*" and at least 
Sin^'^ blue copies of Cf". For each red copy T of Cf'' in K, there are at most 3r (3^" J {^^) 
blue copies of Cf' in K which contain at least one vertex from V{T). (The {^^) term 
comes from the fact that, given any 3r-set V C V{K), there are (2^) (^^^) copies of in 
K[V].) So there are at least Sin^"" - 5r{^J'_^){ll) {^^) > Ji 71^72 blue in K that are 
disjoint from T. Hence, there are at least 5\n^'^ /2 pairs ri,r2 of vertex-disjoint copies of 
Cl*" such that Ti is red and r2 is blue. 

Now consider any bad copy C of Cf''. There are ("21^'^) 6r-subsets of V{K) which contain 

V{C). For each such 6r-set S, there are (^;) (2^) (^;) pairs T' , T" of vertex-disjoint copies 
of Cf in K such that V{T') U V{T") = S. Together, this all implies that the number of 
bad 4r-sets is at least 

X ^ , , 'y' 

\ 2r ) \3r) \2r) \r ) 

a contradiction to (ii) as desired. 

Thus, there are less than (^in'^'' blue C^^ in K or less than 5in^'^ red in K. Without 
loss of generality we assume there are less than Sin"^^ blue C|'' in i^. So (i) implies that 
K[B] is an n- vertex 2r-uniform hypergraph with at least (1/2 — S){2\.) edges and less than 
6in^^ copies of C^^' . To show K[B] = Bn,2r =t rjn^^, we will use Theorems 2.3 and 2.4. 
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Since Si <^ e, Theorem 2.3 implies that we may remove at most en^'' edges from K[B] 
to obtain a C3''-free hypergraph K' [B]. As e <C and 



en^ > 7: - ve 



2r - \ 2 J \2r 



we may apply Theorem 2.4 to obtain that K'[B] = Bn,2r =•= Consequently, K[B] = 

Bn,2r =t r]v?'^ , as desired. □ 



Given two disjoint vertex sets R and B we define Kr^b to be the complete bipartite graph 
with vertex classes R and B. 

Proof of Lemma 5.4. Given £ > we define additional constants P^-q such that 

(12) < /3 < r/ < £, 1/r. 

Further assume that n is sufficiently large. 

By assumption, either G = Kn n± ^N^ ot G = Kn n ± /3N^, where N := ("). It 

2 ' 2 2 ' 2 \^r/ 

suffices to show that if G = Kn n_ ± 2BN^ then H = Bn4r en^'^. Indeed, the edge 

2 '_2_ ' 

set of G contain the edge set of G{H) and all the pairs of intersecting 2r-subsets of V{H). 

Since there are 0(n^''~"'^) pairs of intersecting 2r-subsets of V{H)^ if G = Kn_ n ±/3N'^, then 
2 ' 2 

G{H) = Kn n±2PN^, which implies that H = B n^4risn ^ , equivalently, H — Bn^4risn ^, 
as desired. 

Assume that G = Kn^n ± 2/3N'^, namely, there is partition R, B of V{G) = (^^f ^) such 
that \R\ = \B\ = N/2 and \E{G)AE{Kr^b)\ < 2/3 A^^ Let K{H) denote the complete 2r- 
uniform hypergraph whose vertex set is V{H). Since R,B is a partition of {^2^^) we may 
view R and B as the color classes of a 2-coloring of the edge set of K(H). Let K[R\ denote 
the spanning subhypergraph of K{H) induced by the edges of R. Define K[B] analogously. 

Given a 4r-set Q of vertices from V{H) we say that Q is had if there exists a partition 
of Q = Pi U P2 U P3 U P4 where \Pi\ = r for all 1 < i < 4 and such that exactly one of the 
four 2r-sets Pi U P2 U P3, P3 U P4, P4 U Pi receives one of the colors. First assume that 
this color is B. Without loss of generality, assume that Pi U P2, P2 U P3, P3 U P4 G P and 
P4 U Pi G P. If Q G E{H), then {Pi U P2, P3 U P4} G E{G) D (f). On the other hand, if 
Q E{H), then {P4 U Pi, P2 U P3} G E{G) D E{Kr^b)- Therefore, one of {Pi U P2, P3 U P4} 
and {P4 U Pi, P2 U P3} is in E{G)AE{Kr^b)- The same holds when exactly one of Pi U P2, 
P2 U P3, P3 U P4, P4 U Pi is colored R. Clearly two distinct bad 4r-sets lead to two different 
members of E{G)AE{Kr^b)- Since \E{G)AE{Kr^b)\ < 2/3N'^, the number of bad 4r-sets 
is at most 2/3 A^^ 

Since /3 <C r/, we may apply Lemma 5.9 to K{H) to obtain that either K[R\ = Bn,2r =•= 
■qn?^ or K[B] = Bn,2r i r)n?'^. Since the roles of K[R] and K[B] are interchangeable, we 
may assume that K[R] = Bn,2r i rjn^'^ . Let X,Y denote a partition of V{H) such that 
\E{K[R\)AE{Bn,2r[X,Y])\ < rjv?'^ . We now use the structural information we have about 
G and K[R] to piece together that of H. 



Claim 5.10. H = Bn,Ar =t £ri 
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Recall that given a 2r-tuple x G ( 2r ) ^® t^&t x is even if x contains an even number 
of elements from X (and so an even number of elements from Y). Otherwise, we say that 
X is odd. Thus, the edge set of Bn,2r[X,Y] is precisely the set of odd 2r-tuples. 

Our ultimate aim is to show that 

(13) \E{H)AE{BnM^^ < ^ri^"- 

First we show that \E{H)\E{l3nM^^'>^])\ < £"^72. Consider any 4r-tuple Q from 
E{H)\E{BnM^^ ^])- Since Q EiBnM^^ ^]) (thus |QnX| is even), Q can be partitioned 
into 2r-tuples x, y such that both x and y are even. (For example, if H X| > 2r, then let 
X be a 2r-subset of Q n X; otherwise let x be a 2r-subset of Q n y. Since \Q H X\ is even, 
y is even.) As Q e E{H) we have that {x,y} G E{G). Thus, 

\E{H)\E{Bn,ir[X,Y])\ < 

where S is the set of all disjoint pairs of 2r-tuples w,z^ C^i^^) such that w and z are even 
and {w,z} G E{G). 

Since K[R] = Bn,2r[X, Y] ± rj-n?'^, there are at most '^) < r/^n^^ pairs {w,z} G S such 
that w,z G R. Similarly, there are at most r]n'^'^\B\ < rjn^'^' pairs {w_,z) G S such that 
w G B and z & R. Given any pair {w,z) G S such that w,z & B, by definition of S, we 
have {w,z} G £^(G). However, G = Kr^b ± 2^iV^ so there are most 2^3 AT^ < 2^n^^ such 
pairs in S. Together, this all implies that |S| < (r)^ + rj + 2/3)n^'' < So indeed, 

\E{H)\E{Bn^4r[X,Y])\ < en^- /2. 

Next we show that \E{BnM^'^])\^iH)\ ^ £«^''/2. Consider any 4r-tuple Q from 
E{Bn,4r[X,Y])\E{H). Since Q G E{Bn,4r[X,Y]), Q can be partitioned into 2r-tuples x, y 
such that X is even and y is odd. (For example, if |Q H X| > 2r, then let x be a 2r-subset 
of Q n X; otherwise let x be a 2r-subset of Q CiY. Since \Q fl X\ is odd, y is odd.) As 
Q ^ £;(i?) we have that {x,y} G £^(G). Thus, 

|s(i3„,4r[x,y])\^(i/)| < |r|, 

where F is the set of all disjoint pairs of 2r-tuples u;, z G (^2^^^^) such that w is even, z is 
odd and {w,z} e E(G). 

Since K[R] = Bn,2r[X, Y]±r]n^'-, we have that K[B] = Bn,2r[X, Y]±r]n^''. Thus, there are 
at most ryn^'' (^) < Tyn^'' pairs {w;, G F such that w is even and w e R. Similarly, there 
are at most rjn'^'^ pairs {w,z_} G F such that z is odd and z_(^ B. Given any pair {w_,z} G F 
such that u; G -R is odd and z G -B is even, by definition of F, {w,z} G E{G). However, 
G = Kr^b ± 2/3 A^, so there are most 2^A/"2 < 2Pn'^'' such pairs in F. Together this all 
implies that |F| < (2r/ + r/ + 2/3)n^'' < en^72. So indeed, \E{Bn,4:r[^^Y])\^iH)\ < 
Therefore (13) is satisfied, as desired. 

□ 
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Appendix 

In this section we prove Theorem 1.2. Because of Theorem 1.1, it suffices to prove the 
following fact. 

Fact 5.11. For all n > 12 divisible by A, 

, ^ 5n \/n — 3 3 

(5(n,4,2) < h -. 

V > > 7 - 4 4 2 2 

Furthermore, there are infinitely many values of n such that the following holds: 

. 5(n, 4, 2) = 52{BnAt)) = ^ - ^ - ^ + f /or some t; 
• Bn,4it) does not contain a perfect matching. 

Proof. Suppose that n G N is divisible by 4 and let t be an integer such that < t < n/2. 
Denote the vertex classes of Bn,4:(t) by A and B. Therefore \A\ = n/2 + t and \B\ = n/2 — t. 
Given distinct vi,V2 G A, 

2 

dB„^,it){viV2) = (n/2 + t - 2) (n/2 - t) = - n - t^ + 2t. 
Given distinct wi,W2 G B, 

2 

dB„At)iwiW2) = {n/2 + t){n/2-t-2) = ^ - n - - 2t. 

Given any v\ ^ A and wi £ B, 

''n/2 + t-l\ (n/2-t-l^ 



= \[{n/2 + 1 - l)(n/2 + t-2) + {n/2 - t - l)(n/2 - t - 2)] 

Thus, 4(t) (t'it'2) > t^Bn 4(t) (^i'W^2) for all t'i,f2 G ^ and wi,W2 G -B. Notice that n^/4 — 
n — t^ — 2t decreases as t increases and that n^/4 — 3n/2 + + 2 increases as t increases 
(for t > 0). For fixed n consider the equation 

n^ 9 n^ 3n 9 

— -n-t{-2ti = - —+ti + 2 where ti > 0. 

4 4 2 

It gives that + + (1 — n/4) = and so 

-l + Vn^ 

= 2 • 

This analysis implies that, for all < t < n/2. 



, c / NN n^ 3n o n^ 5n Jn — 3 3 

(14) 52{BnA{t)) <T~T + *i + ^ = T~T~ + 2- 

Further, since Bn,A{t) is isomorphic to Bn,A{—t) for all < i < n/2, (14) holds for all 
-n/2 < t < n/2. 
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Now consider ^„,4(t) for any < t < n/2 and assume A and B are the vertex classes of 
I3n,4:{t). Given distinct vi,V2 G A, 



, , /n/2 + t-2\ (n/2-t\ 



= \ [W2 + t - 2)(n/2 + i - 3) + (ri/2 - t){n/2 -t-l)] 



-+t^-2t + 3. 

4 2 



Given distinct wi,W2 G -B, 



N {n/2-t-2\ /n/2 + t\ 3n o „ 

^B„.4(t)K^2) = ' 2 j + ( 2 j =T"T + * + 

Given any G A and wi E B, 

2 

^B„.4(t)(^i"^i) = W2 + * - 1)W2 - t - 1) = ^ - n - t2 + 1. 

Notice that %„4(t)(^i^2) < %„ 4(4) (^1^2) for all fi,W2 G A and tt;i,zt;2 G -B. Further, 
when t > 1, n^/4 — 3n/2 + — 2t + 3 increases as t increases and that n^/4 — n — + 1 
decreases as t increases. Thus, for a fixed n the value of t > 1 which maximizes the minimum 
2-degree of Bn,i{t) satisfies 

nV4 - 3n/2 + - 2i + 3 = n^/4 -n-i^ + \, 

which gives that i^ — — n/4) = 0. Therefore as f > 1 we have that 

^ _ 1 + v^7~3 
2 

This analysis implies that, for all 1 < t < n/2, 

(15) 52(^n,4(i))<^-n-(^ J +1 = -- — -^^^ + -. 

It is easy to see that 52(F„,4(0)) = x- ¥+ 3<x-X - + 1 ^^en n > 12. Thus 

(15) holds for all < f < n/2. Since Bn,i{t) is isomorphic to BnA{—t) for all < i < n/2, 
(15) actually holds for all -n/2 <t < n/2. Thus, (14) and (15) imply that 



, „s ^ n^ 5n \Jn — 'i 3 
5(n,4,2)<----^ + -, 

as desired. 

Notice that there are values of n such that n is divisible by 4 and where (1 + \/n — 3)/2 is 
an odd integer. Indeed, let n := (4m+l)^'*+3 for some m, s G N. Then n = (4m+l)^'*+3 = 
1 + 3 = mod 4. Since (4m + 1)* is odd, clearly (1 + Vn^)/2 = (1 + (4m + l)^)/2 is an 
integer. Further if (l + (4m+l)*)/2 = 2x for some x G N then (4m + l)^ = 4a;— 1 = 3 mod 4, 
a contradiction as (4m + 1)^ = 1 mod 4. Hence (1 + \/n — ?>)l2 is odd. 

For values of n where n is divisible by 4 and where t := (1 + — 3)/2 is an odd integer, 
we have that 

^ ,— , n^ 9 , n^ 5n Jn — 3 3 

<52(^n,4(t)) = --n-i2 + l = _- _- + -. 
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Note though that \A\ = n/2 + t is odd, therefore, &„,4(0 ^ ^cxtl'^j^) and so it does not 
contain a perfect matching. Thus, the second part of Fact 5.11 is proven. □ 



